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We propose a way to construct thermal pure quantum matrix product state (TPQ-MPS) that can
simulate finite temperature quantum many body systems with a minimal numerical cost comparable
to the matrix product algorithm for the ground state in one-dimensional systems. Taking a random
matrix product state with auxiliary sites attached to the edges of the system, one can anneal it
down to lowest temperature, keeping the effective bond dimension of the matrix almost uniform,
which will generate a flat profile of the entanglement that looks nothing like a Page curve. The finite
temperature physical quantities of the transverse Ising and the spin-1/2 Heisenberg chains evaluated
by the TPQ-MPS show excellent agreement even for bond dimension ∼ 10 − 20 with those of the
quantum Monte Carlo calculation and the exact solutions.
Introduction. Finding a good description of typi-
cal wavefunctions of quantum many body states at fi-
nite temperature has been a challenge in condensed
matter theory. This is because a thermal equilibrium
“Gibbs state” is a mixed state in the standard ensemble
framework that cannot be straightforwardly treated for
large systems, and the stochastic quantum Monte Carlo
(QMC) methods or other size-free methods[1–3] are ap-
plied only to limited cases. A key idea for avoiding the re-
quirement of ergodicity in statistical mechanics had been
to replace the Gibbs state by some single pure states
in two different contexts; one is the “purification” in-
spired by the thermofield dynamics[4] that doubles the
system by attaching the ancilla (bath). After purifying
the two parts together by the existing numerical solvers,
the proper mixed state of the subsystem, i.e. a quantum
ensemble, is obtained through the process of tracing out
the ancilla. The other relies on the concept of typicality,
that in an isolated system there is a single pure quantum
state which shows thermal properties equivalent to the
Gibbs state [5–10].
So far, the thermal pure quantum(TPQ) states are con-
structed by annealing the infinite temperature random
state down to the target temperature [11–17], but its
“exact” description requires a full Hibert space dimen-
sion increasing exponentially with system size N , and
similarly to the conventional finite temperature diagonal-
ization methods[18, 19], would not allow us to simulate
sufficiently large quantum systems of physical interest.
Matrix product states (MPS) are the natural descrip-
tion of quantum pure state with less computational
cost [20] and have given excellent approximations of the
ground states of the local Hamiltonians in one dimen-
sion(1D). For finite temperatures, the matrix product pu-
rification (MPP) or equivalently the purification of den-
sity matrix renormalization(DMRG) is performed [21–
23], and has proven to be quite successful by choosing
proper ancilla basis. The MPS or DMRG states repre-
sent effectively low entangled states by construction and
the Monte Carlo sampling of such states are introduced
FIG. 1. (a) Schematic description of the MPP, METTS, and
TPQ-MPS methods. Filled(blue) and open circles represent
the system site and the ancilla site, respectively, and bold
lines among them denote the existence of the quantum en-
tanglement. (b) Schematic representation of the RMPS state
in Eq.(1). Two auxiliary sites (Orange circles) are connected
to the two open edges of the system, which has no physical
interactions with the main system. (c) Canonical form of the
TPQ-MPS. For the starting point of mTPQ (k = 0) we take
Γ
[m]im
αmβm
of χ × χ × d which follows a Gaussian distribution,
λi = 1, and aux
X
αXβ
of X = L,R as the χ × χ unit matri-
ces which gives the canonical form of RMPS. The number of
nonzero-λm is the effective m-th bond dimension χ
eff
m .
as minimally entangled typical thermal states (METTS)
[24, 25]. Their classical ensemble replaces the mixing by
the ancilla in the purification, while turned out to be
slightly inefficient in their computation[26].
In contrast to the development of such “ensemble”
quantum states, the MPS description of the TPQ state
had not been tested. The reason would be quite sim-
ple; the MPS had an advantage in efficiently reducing
the Hilbert space dimension by controlling the dimension
of the matrices called bond-dimension χ for the ground
2state with area law entanglement[27, 28]. This no longer
holds at finite temperature as the entanglement blows up
massively[29]. However, we show that the construction
of TPQ-MPS state is possible by starting from the ran-
dom matrix product state (RMPS) and by making use of
the auxiliary site of Θ(1), which work as small bath site
for the control of the entanglement. We demonstrate that
the TPQ-MPS wave functions give accurate evaluation of
the physical quantities in typical quantum spin models.
The computational cost is significantly reduced to that
of the MPS of the ground state, namely much smaller
than the METTS and MPP. The accessible system size
increases to more than N & 100.
Figure 1(a) compares the the three methods. The pu-
rification method starts from the classical product state
of the entangled pairs of local site and its ancilla. The
time evolution for the target temperature β−1 = kBT
in terms of e−βHˆ/2 with the Hamiltonian Hˆ that oper-
ates only on the target system purifies the whole system
by encoding the proper entanglement inside the system.
The METTS also start from the classical product state
and the time-evolution gives one snapshot of the path
integral, combined with the important sampling by the
Monte Carlo method. Instead, our TPQ-MPS method
starts from the high entangled RMPS that describes the
infinite temperature state, and the time evolution anneals
it down to the target temperature.
Random initial state. We consider a 1D lattice sys-
tem consisting of N sites with open boundary condition
(OBC) and two auxiliaries attached at both edges, where
each site hosts d-dimensional degrees of freedom. The
RMPS of such a system shown in Fig.1(c) is given as[30]
|ψRM〉 =
∑
αL{in}αR
〈auxLαL |A
[1]i1 · · ·A[N ]iN |auxRαR〉
|αL, i1 · · · iN , αR〉, (1)
where the A[m]im is the dχ2 matrix on an m-th site with
im = 1 ∼ d, and is explicitly given using the dχ × dχ
random unitary matrix U as A
[m]im
αβ = U(i,α)(1,β) or
U(1,α)(i,β) which fulfill the left or right canonical form,
respectively. Here |aux
L/R
αL/R〉 is the right/left auxiliary
state with αL/R = 1 ∼ χ. This RMPS reproduces the
physical quantities at T = ∞ with the variance of order
χ−2, which can be shown analytically as follows; tak-
ing A on the l.h.s/r.h.s. of a one-site operator Oˆi as
left/right canonical form, we have 〈ψRM|ψRM〉 = χ. By
taking account of the formula for the random average,
UijU∗kl = δijδkl/(χd) and UijU
∗
ikUlmU
∗
ln =
(
δjkδmn +
δilδjnδmk − (δilδjkδmn + δjnδmk)/(χd)
)
/(χ2d2 − 1), we
have the expectation values, 〈ψRM| · · · |ψRM〉/χ ≡ 〈· · · 〉
as
〈Oˆi〉 =
∑
i,j,α,β
1
χ2d
δij〈j|Oˆi|i〉 = 〈Oi〉∞ (2)
with 〈Oi〉∞ ≡ d
−1TrOi, and its variance as
〈O2〉 − 〈O〉2 =
d− 1
χ2d2 − 1
(
〈O2∞〉 − 〈O〉
2
∞
)
. (3)
Typicality of the RMPS is studied and confirmed numer-
ically in the similar context[30, 31], folllowed by several
proposals to stochastically construct microcanonical en-
sembles of RMPS[32, 33].
In our work, the RMPS is constructed not by using
Eq.(1) but by preparing a tensor Γ
[m]im
αmβm
(∈ C) of bond
dimension χ, whose elements follow the Gaussian distri-
bution (see Fig.1(c)). It can be straightforwardly shown
that after transforming Eq.(1) into the canonical form
by the successive Schmidt-decomposition[34, 35], the ob-
tained matrices also form RMPS.
mTPQ-MPS Method. The initial state |ψ0〉 is taken as
the aforementioned RMPS state with bond dimension χ,
where we take auxiliaries of χ×χ attached at both edges
as a unit matrix Iˆ in the first place. The RMPS succes-
sively generates a series of microcanonical TPQ (mTPQ)
states k = 0, 1, 2, · · · as[15]
|k〉 = (l − hˆ)k |ψRM〉 . (4)
where hˆ is the Hamiltonian divided by N . Here, |k〉 ap-
proximates the TPQ state at a temperature kBT
(k) =
N(l − uk)/2k[36] with energy uk = 〈k|hˆk〉/〈k|k〉. In our
algorithm, (l − hˆ) is represented by a matrix product
operator (MPO) of bond-dimension D that depends on
hˆ, and applying this MPO at each step to |k〉 multiplies
the matrix dimension to Dχ. After truncating the di-
mension of the enlarged matrix down to χ, we trans-
form the MPS to its canonical form including auxiliary
sytems, which minimizes the truncation error. The pro-
cess is repeated until |k〉 reaches a smooth microcanoical
ensemble[15] of low enough temperature β−1max, and the
effective bond dimension, χeffi , (i = 0, N), which is the
number of finite λi on the i-th bond, can change au-
tomatically within 1 ≤ χeffi ≤ χ. We consider an op-
erator Aˆ that can be described by a low-order poly-
nomial of local observables. At each step, such Aˆ is
evaluated and stored, which allows us to generate the
physical quantities for arbitrary temperatures by the
canonical summation throughout β−1 & β−1max immedi-
ately as, 〈A〉β,N = e
−βNl
∑
k(βN/2)
2k/(k!)2) 〈k|Aˆ|k〉 +
(βN/2)2k+1/((k+1)!(k!)) 〈k|Aˆ|k+1〉
)
(see Ref.[16]). The
quality of the TPQ-MPS is tested by the comparison of
〈A〉β,N with the exact or nearly exact solution by the
counterparts like the exact diagonalization (ED), QMC
or quantum transfer matrix (QTM)[37, 38] methods [39].
The difference between the original TPQ using the full
Hilbert space is that the range of mTPQ temperature
kBT
(k) depends much on l. Usually, starting from smaller
l will accelerate the convergence and we reach the same
temperature with smaller kmax. However, due to finite
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FIG. 2. Comparison of the results of TPQ-MPS and
QMC done by authors in the transverse Ising model with
J = g = 1. We choose l = 5 and kmax = 500, 1200, 2000 for
N = 16, 64, 96, respectively, giving β−1max ∼ 0.1. (a) Energy
density e = E/N for N = 16 with χ = 5, 10, 20 and l = 5 as
a function of kBT compared with the PBC and OBC results
from QMC of the same size. Inset shows the low temperature
case with (N,χ) = (16, 40) and (64, 40) with l = 10 together
with corresponding QMC of the two N ’s. (b) Energy differ-
ence |eTPQ−MPS − eQMC| from (a) and n = 96, χ = 40, and
the variance of TPQ-MPS average (solid lines). (c) Specific
heat C/N for the same data as (a), and N = 64, 96, χ = 40
with l = 5 in the inset. QMC OBC results for the same sizes
are given in solid lines.
χ, the starting temperature at k ∼ 1 for l ≪ Θ(1) is kept
to kBT . Θ(1) in which case the canonical summation
becomes inaccurate. Whereas, l & Θ(10) sacrifices the
low temperature information, and one needs to set proper
l depending on the models.
Transverse Ising model. The first benchmark is on
the 1D transeverse Ising chain, Hˆ = J
∑N−1
i=1 σˆ
z
i σˆ
z
i+1 −
g
∑N
i=1 σˆ
x
i , with σ
z = ±1, whose MPO has D = 3. Here,
we take J = g = 1. Figure 2(a) shows the energy density
e = E/N for N = 16 which is in good agreement with
the QMC results with open boundary condition (OBC),
where we put together the periodic boundary (PBC) ones
of the same size. The N = 16 and 64 cases are also com-
pared in the inset, demonstrating that the finite size ef-
fect is much larger than the difference between the TPQ-
MPS and QMC results. Already at χ & 10, the error is
converged as we see in Fig.2(b) which is Θ(10−3) for a
wide temperature range regardless of size-N and χ. The
specific heat C/N also gives excellent agreement with the
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FIG. 3. Physical properties of the Heisenberg model with
J = 1 compared with theN = 16 ED-OBC and QTM(N =∞
exact solution) ones[38] in broken and solid lines, respectively.
We choose l = 1 and β−1max ∼ 0.03 with kmax = 500(N =
16), 2000(N = 64, 96). (a) Energy density e = E/N and (b)
susceptibility χs for N = 16, 64, 96 with χ = 20, 40, 40 as a
function of kBT . The inset in (a) shows the specific heat for
N = 16.
QMC results of the same size (see Fig.2(c)).
Heisenberg chain. Next, we test our method with the
Heisenberg chain described by Hˆ =
∑N−1
i=1 Jsˆisˆi+1, with
szi = ±1/2. The MPO for this Hamiltonian has D = 5
that would increase the truncation error. It fact, it is
known for the MPS ground state that the model requires
much larger χ compared to the product state of the trans-
verse Ising model. Figure 3(a) shows E/N and C/N for
several system sizes in comparison with the N = 16 ED
with OBC and N =∞ exact solution (QTM)[38], which
shows good agreement for the same order of χ as the
transvese Ising model. We also plot in Fig. 3(c) the sus-
ceptibility χs to see how much a well-known logarithmic
singularity at the lowest temperarture can be traced by
the TPQ-MPS. The drop of chi at N = 16 is almost per-
fectly reproduced already for χ = 20. Also, the larger
size results are in reasonable agreement with QTM.
Role of auxiliaries. We finally discuss the role of auxil-
iary system in the transverse Ising model. Although the
shape of the wave function differs from the standard MPS
without auxiliaries, the physical quantities mimic those
of the OBC system of the same N . Figure 4(a) gives the
spatial distribution of the bond- and site-energies (J- and
g-terms of the Hamiltonian) for several temperatures at
N = 64. They perfectly follow those of OBC obtained
by QMC for kBT = 0.5 even at the very edges that show
downturn/upturn.
However, the TPQ-MPS wave function has signifi-
cant difference from those of standard MPS with OBC.
We plot in Fig. 4(b) the entanglement entropy, Si =
−Tr(ρˆi ln ρˆi) where ρˆi is the density matrix when divid-
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FIG. 4. Properties of the transverse Ising model from TPQ-
MPS. (a) Spatial distribution of the site- and bond-energies
s given in solid and broken lines, respectively, for N = 64
and kBT = 0.5, 1, 2. QMC results with OBC are shown to-
gether by symbols for kBT = 0.5. (b) Entanglement entropy
Si = −Tr(ρˆi ln ρi) when the N = 64 system is divided at
bond i = 1 ∼ N during the mTPQ run at k = 100 − 1600
steps. (c) Truncation error (maximum of all i-th bond) for
χ = 20, 40, 60 for N = 16 and N = 32, 64, 96 with χ = 40.
(d) Effective bond dimension χeff0 at the edge bond attached
to the auxiliary, obtained during the single mTPQ run at k-
step plotted against the mTPQ temperature kBT
(k), for the
data in (c) N = 16(red/orange), green/blue/deep blue lines
are N = 32(green), 64(blue), 96(deep blue).
ing the system into two parts at the i-th bond. It is
known that Si of the TPQ state follows a Page curve[40],
which increases linearly from the edges that reflect the
volume law and saturates toward the maximum at the
center[29]. If we take the random MPS without auxil-
iaries, the Si certainly follows this curve. Whereas in the
present system, the auxiliaries of χ × χeff0 introduces to
the edge a large S0 which depends only on the effective
bond dimension χeff0 , which will generate a nearly flat
Si throughout the system. At the starting point of the
calculation, Si is exactly uniform by construction. Dur-
ing the mTPQ evolution the wave function is purified in
a way to properly minimize the entanglement suitable
for the target temerature kBT
(k), and Si gradually de-
creases, while keeping S0 relatively large. Since Si is a
fingerprint of the quantum many body wave function,
our TPQ-MPS is apparently different from those of the
standard RMPS without auxiliaries[32].
Intuitive worry in introducing TPQ-MPS was that the
limited number of χ may not allow us to track the proper
microcanonical ensemble that gradually changes its small
number of constitutes in the Θ(eN )-large Hilbert space.
However, as we show in Fig.4(c), the truncation error
which is the maximum of the truncation per bond de-
creases in powers of kBT
(k) down to less than 10−6. A
small χ does not force us to discard important basis at
each mTPQ step, possibly because the canonical form
helps us to select the most proper basis. The variation
of χ does not change the truncation error. This indicates
that the minimal χ required for the description of TPQ
state is not large, and the proper choice of constituent
matrices does not require an enlarged Hilbert space such
as those by the ancilla in the MPP.
At kBT
(k) ∼ 0.2 there is a sudden change in the pow-
ers of the truncation error. This change is related to the
effective bond dimension at the edges, χeff0 . In taking
the canonical form, or equivalently a unitary transfor-
mation at each k, χeffi ≤ χ automatically changes its
value depending on the distribution of the Schmidt val-
ues, ρˆi. We show in Fig.4(d) the variation of χ
eff
0 during
the same single mTPQ runs in (c). At kBT ∼ 0.2, they
start to decrease toward 1 in the kBT = 0-limit. In fact in
the exact MPS ground state the effective bond dimension
should follow χeffi = d
i, (i ≤ N/2), which is in contrast
to the infinite temperature case with i-independent χeffi .
Since our algorithm keeps χ-small and uniform in the
first place, the value of true χeffi decreases and becomes
smaller than χ at some kBT
(k). The change of the slope
of the truncation error at the same kBT
(k) indicates that
the auxiliaries play an intrinsic role in controlling the
quality of the TPQ-MPS.
Conclusion. We showed that the TPQ-MPS can be
constructed by starting from the random matrix product
state at high temperature and annealing it down to low-
est temperature, keeping its canonical form and attaching
the auxiliaries at both edges. The physical quantities are
well reproduced for small bond dimension χ, and the en-
tanglement of the system is properly tuned by automati-
cally controlling the number of effective bond dimensions
attached to the auxiliaries which go from χ to 1 in ap-
proaching the ground state. The numerical cost is com-
parable to the matrix product algorithm for the ground
state[35], and when extended to higher dimensions, may
become less costy than the aforedeveloped tensor network
approaches[41–43], to be further compared with other
size-free techniques for finite temperatures[1–3].
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